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A capillary jet of liquid impinges on a planar surface that is normally oriented
to the axis of the jet. The surface is initially covered with a thin uniform film of a
viscous liquid. The impact and radial spreading of the liquid from the jet cause the
underlying viscous film to be removed from the surface. An approximate analysis
predicts the thinning rate of the film in the stagnation region of the jet. It uses the
shear stress and pressure distribution of the classical Homann flow as boundary
conditions for an analytical solution of the Reynolds lubrication equations in this
underlying viscous film. A more exact analysis modifies the Homann flow to account
Jor the mobility of the liquid film beneath the spreading jet and sheds light on the
limitations of the analytical lubrication analysis. Data presented are in excellent
agreement with the theory, subject only to the choice of a value for the hydrodynamic
constant that appears in the Homann analysis.

Introduction

One of the classical problems of fluid dynamics is the axi-
symmetric stagnation flow, or Homann flow, in which fluid
in the region z>0 approaches the plane z=0 with symmetry
about the axis (r = 0) normal to the plane. The flow at infinity
(that is, z— ) is simply U= (U,, 0), and the solution seeks the
velocity, stress, and pressure fields in the neighborhood of the
surface z=0. The details of the solution to this problem are
given, for example, in Schlichting (1960).

We are interested in the dynamics of liquids jets that impinge
on a planar surface, and in particular in the pressure and shear
stress in the neighborhood of the stagnation point of the jet.
Of special concern is the ability of this jet to remove, by a
combination of pressure and shear forces, a very thin viscous
film that initially covers the whole of the plane z=0. The flow
field is shown in Figure 1. This is not exactly the classical
Homann flow because the jet is of a finite radius, and the
ensuing flow from the jet spreads across a mobile viscous film,
not a rigid plane. The applicability of Homann flow to the
stagnation region of a jet has been argued by Chin and Tsang
(1978).

In what follows, we modify and extend the classical results
for Homann flow, and combine this with the Reynolds lubri-
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Figure 1. In the stagnation region of a turbulent jet,
pressure and shear stress erode a viscous
film.

cation equations for flow in the underlying thin viscous film,
and obtain a prediction of the rate of thinning of the viscous
film. The resulting model includes the so-called ‘‘hydrody-
namic constant’’ for Homann flow. This ‘‘constant’’ is, ac-
cording to Chin and Tsang, dependent on characteristics of
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the jet flow. We determine the constant empirically by fitting
the model to data for thinning of the viscous film, and obtain
a value consistent with expectations based on the discussion
of this point in Chin and Tsang.

Homann Flow

The classical analysis for viscous Homann flow begins with
the assumption that the velocity field may be written in the
form:

U=arf (1) U= -~2vaf(n) M

v
n=Z/\/2:a 2)

and a is the hydrodynamic constant. When the pressure field
is written as:

where 7 is defined as:

——ZE_ 3)

the Navier-Stokes equations can be reduced to a single ordinary
differential equation for f(n) of the form:

" " 1 7
fr+If +§(1—f =0 @
with boundary conditions:

f=f =0 atq=0

f—~1 atp—oo %)
The underlying viscous film is removed by the action of the
jet through two mechanisms: the jet creates a radial pressure
distribution in the region of the stagnation point, and the jet
exerts a shear stress on the interface of the two liquids. It is
necessary to have a model for these characteristics of the jet
before a model for flow in the viscous layer can be developed.
From the solution available for Homann flow the radial pres-
sure distribution along the fixed plane z=0 is given by:

1 * 2
() =3 pvf[l— (‘;f) ] ©)

where a* is a dimensionless form of the hydrodynamic con-
stant, defined as:

«_2ar;
== 7
a U, @)
The shear stress is given by:
7(r) =0.656a"V*pURe; \? f ®)

J
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The Reynolds number is defined as:

Rej = .ZLJ!Q )

14

In all of the above, U, is the velocity of the liquid jet at the
stagnation point. The jet radius r; appears, but always as a*/
r;, which in fact is independent of r;.

Approximate Analysis: Quasi-Static Film

A simple approximate analysis is possible if we assume that
the underlying film is so viscous that, with respect to the flow
of the jet liquid, it behaves as an immobile surface. Therefore,
Eqs. 6 and 8, which apply to a jet impinging on a planar rigid
surface, will be taken to apply to the case where the jet impinges
on a slowly moving thin viscous film. Then these equations
serve as boundary conditions on the upper surface of the vis-
cous film. The lower boundary of the viscous film is simply
the no-slip rigid surface.

If the film is thin and viscous we may neglect inertial effects,
including time derivatives, in the Navier-Stokes equations for
the film, and begin our analysis with the following momentum
and mass balances:

ap u,
Mo (10
dp
E—O (11
and
;) d(ru,
a(ru)+ (ru&)=0 (12)

or 9z

These are essentially the Reynolds lubrication equations for a
thin viscous film.
Boundary conditions take the form:

du,
uf&=r at z=h(r, t) (13)

and
u,=u,=0 at z=0 (14)

Equation 10 is integrated twice with respect to the z-coordinate
and the solution for the velocity component u, may be written

as:
z h? op b4 Th
AN I 2 B 15
“ h{ W or (1 2”) V'f:l )

From the continuity equation the axial velocity component is
found to be:

ra n 3 ap z
== | -=—=lr=)J{1-5]+
" 2h2[ wr Or (r ar> (1 3h)

E_ a(rf)] (16)
p ar
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A kinematic condition on the film thickness connects h(r, f)
to the velocity components at the interface:

dh dh
— h = - 17
at + [ur]z— h ar [uz]z-h ( )

After the velocity components are substituted into this kine-

matic condition we obtain an equation for the film thickness
h(r, t):

on [ _#op mlon [ 1 o ( ap\ K 30m)
at 2u; dr pe| ar | 3urar\ or) 2ur or

(18)
with initial and boundary conditions:
oh
—=0 at r=0
> at r
h=h, at t=0 19

In order to solve Eq. 18 we need expressions for the pressure
and shear stress distributions. In the stagnation region we have
such expressions (Eqs. 6 and 8) and they are algebraically
simple. As a consequence it is possible to solve Eq. 18 ana-
lytically with the result (Yeckel and Middleman, 1987):

1+5&
it kn, |[1°'7TG?

G |57 xn,
+—

=Gh,t (20)

where

GELi (r7) 1)

In the stagnation region where Eqs. 6 and 8 are presumed to
hold, X and G are constants, the film thickness # is independent
of radial position, and:

q> _Kh, _ 0.302(a*)*h,Re)"

G r;
0.656(a”* ) 2o Uh,t
V= Ghof‘—'—'(al,)z# 22)
Rej rjll.f
This permits us to write Eq. 20 in the form:
1 11+®s
-—1-&In{- =¥
s n (s 1+ ) 23)
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Figure 2. Film thinning in the stagnation region of a jet,
according to Eq. 23.

Figure 2 shows a plot of film thickness in the stagnation region
of the jet, as a function of time in this dimensionless format.
We see that as s gets very small (very thin films) the model
predicts that:

s—¥! 24)

One consequence of this asymptotic behavior is that 4 becomes
independent of A, at long times.

Modified Homann Flow over a Mobile Film

It is not difficult to modify the classical Homann analysis
and obtain a theory for stagnation flow over a viscous but
mobile film. Once this is available it is possible to determine
the conditions under which the simpler theory is a good ap-
proximation to the more complete analysis. Taking note of
Figure 3, we begin by rewriting Eqs. 1 and 2 for the jet flow
as:

Ui=arf' (n)) Ui=—N2uaf(n) =

where 7; is defined as:

= / L (26)

The Navier-Stokes equations for the jet still reduce to Eq. 4,
but for f(n):

" " 1 4
SO 45 A=) =0 @7
and the boundary condition at infinity is:
f—=1 atg—oo (28)
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Figure 3. Geometry for the analysis of flow over a mobile
film.

In the viscous liquid film (0< Z < k) the velocity field is also
expressed in the form:

Ul=arF' () Ui= —2vaF () (29)

The Navier-Stokes equations for the viscous film also reduce
to Eq. 4, but for F(n)):

where 7, is defined as:

F"'+FF"+%(1—F'2)=0 @an

The no-slip condition at Z=0 requires that:

F=F'=0 at =0 32
The remaining two boundary conditions are at the interface,
where the velocities and shear stresses are matched. Velocity
matching requires that:

F'=f 33

Vj _ M
F= \/;f f= J; f (34)

while the matching of the shear stresses requires that:

and

F" =</ MPf”’ 3%

All of these conditions are at the interface, defined by:
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n=0, n;=h/\v/2a (36)

In these equations two dimensionless parameters appear:

and P=% 37
By oy

1t is convenient to rename the dimensionless film thickness as:
H=h/\v/2a 38
Once a solution for F'is available from the system of equations

written above, the dynamics of the film thickness follow from
the kinematic condition:

%= Ui(h) = —/2vaF (H) (39)
or
H
3 dT'f_ _
SH e 7= 201 (40)

To evaluate the validity of the approximate lubrication analysis
presented earlier (Eq. 23) we first note that & and ¥ of that
analysis may be written as:

&=0.359H,M""? and V¥=0.464PHM"’T (41)

Thus, we will examine the behavior of s vs. ¥, where now we
can write ¥ as:

H, dTIf

V¥ = 0.464PH,M'"* S
w F

(42)

Solutions for Flows in Two Fluids, and Evaluation
of Limitations of Quasi-Static Approximation

Equations 27 and 31 are a coupled set of third-order ordinary
differential equations with the coupling arising through the
matching conditions at the interface between the two fluids.
The equations are integrated numerically. Because there are
some convergence problems that arise in the solution proce-
dure, we offer a few brief comments regarding a successful
method of solution. The two equations are rewritten as six
first-order equations, and they are integrated using a fourth-
order Runge-Kutta method. A shooting method is used to
recast the boundary-value problem as an initial-value problem.
The equations for F are integrated from the wall to the inter-
face, at which point the matching conditions are applied. Then
the equations for f are integrated to ‘‘infinity,”’ which is taken
to be ten dimensionless units (in &;) from the interface.

To begin the integration it is necessary to provide an initial
estimate of the value of F” at the wall. This estimate is refined
until the limiting value of f far from the wall satisfies the
boundary condition there. The problem of refining the estimate
of F” is that of solving one nonlinear equation for a single
unknown. Newton’s method was used for this purpose.

Newton’s method will not converge if the initial estimate of
F” is too far from the true value. Because of this it is always
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Figure 4. Dimensionless wall shear stress (F” A/ MP).

wise to combine Newton’s method with a continuation scheme,
whereby a known value of F” at one set of parameters is used
as an initial estimate to solve the problem at a nearby set of
parameters. A logical starting point is the limiting case of
infinitesimal film thickness, for which the value of F” is known
from the classical Homann analysis. After the first solution is
obtained, the problem is solved repeatedly for progressively
thicker films, using the value of F” from the most recent case
as the initial guess for the next case.

Once F is known, it is a simple matter to integrate the
dynamic equation for the film thickness (Eq. 40) as a function
of time. The trapezoid rule proves adequate for this purpose.

Figure 4 shows a plot of the shear stress at the wall as a
function of the film thickness ®, defined in Eq. 41. The di-
mensionless shear stress is expressed as F”/+/MP. Note in par-
ticular that the jet viscosity is wused in this
nondimensionalization. Figure 5 shows the same thing for the
shear stress at the jet-film interface, expressed as f”. In both
plots curves are shown at three values of the viscosity ratio
M. The density ratio is set at the value P=1 in all cases to
reflect our interest in liquid-liquid systems. In both figures the
stress approaches the value obtained from the Homann analysis
(f" =0.929) as & tends toward zero, an expected result.

The approximate analysis given earlier is based on the as-
sumption that the shear stress at the interface of the two liquids
is virtually identical to the Homann value for a single fluid.
If the film is sufficiently thin and viscous that the decrease in
shear stress from the interface to the wall is small, relative to
the Homann value, we expect that this approximation will be
a good one. A comparison of Figures 4 and 5 shows that this
is the case at values of ® up to about 0.1. A fortuitous result
(Figure 5) is that the interface stress remains close to the Ho-
mann value at values of ® an order of magnitude greater, up
to =1, at which point the wall stress is more than twice the
Homann value.

Another result to consider is that the approximate model
leads to the prediction that the nondimensional shear stress
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Figure 5. Dimensionless interface shear stress (f’).

depends only upon &, whereas in the more general model
additional parameters M and P appear. Figures 4 and 5 (for
a fixed value of P=1) show that the dimensionless wall and
interface stresses are independent of M up to values of ¢ of
about unity, the same point at which the interface stress begins
to diverge from the Homann value.

Figure 5 shows that for & greater than one, the interface
stress diverges sharply from the Homann value, in which case
clearly the approximate model fails. At large enough & the
interface stress falls to zero. That the interface stress has fallen
to zero indicates that viscous effects are confined to the film,
and the jet consists of a potential flow right up to the interface.
Under these conditions, only the force caused by the radial
pressure gradient acts to remove the viscous film. From this
point on, the dimensionless wall stress is a constant, equal to
the Homann stress (based on the jet viscosity) divided by the
square root of M, as seen in the large ® asymptotes of Figure
4. If the wall stress is made dimensionless by the film viscosity
rather than the jet viscosity, the dimensionless wall stress equals
the Homann value. This indicates that the jet transfers its
momentum without viscous loss to the film, which itself is in
a state of Homann flow.

The use of the shear stress at the solid boundary according
to the single-fluid Homann analysis, as an approximation to
the shear stress at the mobile interface in the two-fluid case,
is seen to be a good approximation if the initial film thickness
is so small that $<0.03. Under these conditions we would
expect that the simple analytical lubrication analysis will be
an accurate model of flow in the viscous film. It turns out that
the approximate lubrication model for the dynamics of the
film thinning is accurate to even higher values of ®, as Figure
6 shows.

In Figure 6 we see a comparison of the approximate lubri-
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Figure 6. Comparison of the simple approximate (lubri-
cation) model to the exact (two-fluid Homann)
analysis for the rate of thinning of the mobile
film.

Symbols are exact solution—lines are lubrication theory.

cation analysis (the solid curves) and the mobile-film two-fluid
Homann analysis for the rate of thinning of the mobile film.
Results are shown for selected values of the parameters P and
M. With these choices, selection of an H, value fixes the value
of ®,, at the values shown. The approximate model coincides
nearly perfectly with the more exact model, even for short
times (small ¥) where the film is relatively thick, when H, is
smaller than unity. For the relatively large value of H,=10
(®,=35.9) we see a significant deviation of the two models of
the film thickness history at short times. However, as the
initially thick film grows thinner, the behavior of s vs. ¥
becomes independent of 4, the two models coincide, and both
models exhibit the expected approach of s to 1/¥.

Experimental Studies

We have carried out some experimental tests of the ability
of Eq. 23 to mimic observations on film thinning under an
impinging turbulent jet of water. The experiments were de-
signed to produce very thin (submicron) viscous films on an
extremely smooth planar surface. Thin films of silicone oil
(polydimethylsiloxane) were spin coated onto electronic grade
silicon wafers. Turbulent jets of water were used to ‘‘remove’’
the film, and the residual film thickness at the stagnation point
of the jet was measured as a function of time. Film thickness
was measured directly on the wafer using an optical method
based on ellipsometry. A Rudolph Research Auto El II auto-
nulling ellipsometer was used. All experiments were carried
out inside a Modulair MS-100 laminar flow hood in order to
reduce the risk of particle contamination of these thin films.
A more complete discussion of some of the issues associated
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Figure 7. Thinning of a film of silicone oil in the stag-
nation region of a turbulent water jet.

The silicone oil has a kinematic viscosity of 1,000 centistokes; the
jet issues from a capillary of inside diameter D=4.57 mm at a
volume flow rate of 68 cm’/s. The Reynolds number of the jet
(based on capillary diameter) is 19,000.

with accurate film thickness measurements of this type can be
found in Strong and Middleman (1989).

In order for Eq. 23 to yield a predictive model for A(#) it
is necessary to have a value for the dimensionless hydrody-
namic constant a*. Experimental data cited by Chin and Tsang
suggest that " is of order unity, but it depends to some degree
on the ratio of the capillary radius to the distance the jet travels
from the capillary exit to the horizontal plane.

Nakoryakov et al. (1978) have made extensive measurements
of the wall stress under an impinging jet, and they find that
over a range of jet Reynolds numbers from 17,000 to 41,000,
a single value of a* = 0.88 permits their data to be fit very well
by the single-fluid Homann analysis.

An example of our data on film thinning (at a jet Reynolds
number of 19,000) is shown in Figure 7. With ¢* =0.88, Eq.
23 yields the line shown. The data are very well described by
the approximate two-fluid model. We note that in the range
of 20 to 40 nm film thickness the scatter in the measurements
increases. We believe this is due to optical effects arising from
silicon surface roughness of the order of 2 nm. This latter
measurement follows from a series of studies of the surfaces
of the bare silicon wafers, using a Sloan Dektac 3030 Surface
Profilometer.

Discussion and Conclusions

The classical Homann flow analysis can be used to supply
boundary conditions for the Reynolds lubrication equations
for flow within a thin viscous film, leading to a model for the
thinning of the film in the stagnation region of a turbulent
water jet. The model involves a single arbitrary parameter, the
so-called ‘‘hydrodynamic constant’’ of Homann flow, Over a
range of evolving film thicknesses, from 1,000 down to about
40 nm, the data are very well described by this model. In this
approximate model it is assumed that the underlying liquid
film moves slowly with respect to the jet flow and experiences
the same shear stress at the upper (mobile) surface that it would
if the underlying film were stationary.

A more exact theory which relaxes the simplifying assump-
tion about the shear stress at the mobile surface is developed.
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The lubrication approximation is dropped, and the equations
for the flows in the underlying viscous film and in the jet flow
are solved instead using the approach of Homann. The results
are compared to those of the approximate lubrication theory.
Conditions under which there is a significant deviation of the
two models are indicated.

A key assumption of the models displayed here is that the
mobile interface is stable. It is well-known that parallel flows
of this type have the capacity to display several modes of
instabilities. (See, for example, the works of Joseph et al.,
1984, Papageorgiou et al., 1990, and Preziosi et al., 1989). No
such instabilities have been observed in our experimental stud-
ies reported here, and we have not pursued this particular line
of inquiry.
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